In the case of low frequencies (e.g., P-band) radar observations, the Gaussian Vertical Backscatter (GVB) model, a model that takes into account the vertical heterogeneity of the wave-canopy interactions, can describe the forest vertical backscatter profile (VBP) more accurately. However, the GVB model is highly complex, seriously reducing the inversion efficiency because of a number of variables. Given that concern, this paper proposes a constrained Gaussian Vertical Backscatter (CGVB) model to reduce the complexity of the GVB model by establishing a constraint relationship between forest height and the backscattering vertical fluctuation (BVF) of the GVB model. The CGVB model takes into account the influence of incidence angle on scattering mechanisms. The BVF of VBP described by the CGVB model is expressed with forest height and a polynomial function of incidence angle. In order to build the CGVB model, this paper proposes the supervised learning based on RANSAC (SLBR). The proposed SLBR method used forest height as a prior knowledge to determine the function of incidence angle in the CGVB model. In this process, the Random Sample Consensus (RANSAC) method is applied to perform function fitting. Before building the CGVB model, iterative weighted complex least squares (IWCLS) is employed to extract the required volume coherence. Based on the CGVB model, forest height estimation was obtained by nonlinear least squares optimization. E-SAR P-band polarimetric interferometric synthetic aperture radar (Pol-InSAR) data acquired during the BIOSAR 2008 campaign was used to test the performance of the proposed CGVB model. It can be observed that, compared with Random Volume over Ground (RVoG) model, the proposed CGVB model improves the estimation accuracy of the areas with incidence angle less than 0.8 rad and less than 0.6 rad by 28.57% and 40.35%, respectively.
Introduction
Forest height is an important parameter for biomass extraction and forest dynamics research which are significant for studying the environment and climate, but the estimation of structure brings a considerable constraint in the biomass estimation. Polarimetric interferometric synthetic aperture radar (Pol-InSAR) provides a promising remote-sensing technique which can be used to extract forest height and structure since it is highly sensitive to forest vertical structure [1, 2] . Previous work has shown that P-band SAR systems are capable of obtaining more abundant information than high frequencies (e.g., X-, C-and L-band) SAR system by deeper sampling of the forest vertical structure [3] . This is because P-band electromagnetic wave generally possesses higher penetration and interacts with the large-scale forest structural elements in the entire range of forest height [4] [5] [6] . In that case, the heterogeneity of the vertical scattering power distribution should be considered in the forest scattering model and can be used to estimate forest height and structure.
Forest parameter information is generally inverted from the volume coherence which is directly linked to the forest vertical backscatter profile (VBP). Up to now, two different approaches to obtain VBP have been discussed [7] . The first one is to decompose VBP based on orthogonal function. The advantage of this approach is that it is of high accuracy and without limiting the shape of VBP. However, a crucial number of baselines are required to estimate realistic VBP and a large amount of computation is involved [8, 9] , which is not possible in spaceborne conditions. Moreover, the approach will be biased by the temporal decorrelation and the fluctuation of ground-to-volume ratio (GVR). The second approach is to model VBP by fixing its shape. The approach does not rely on the variation of GVR to estimate volume coherence, and can select the most coherent pairs assuming that temporal decorrelation can be neglected, especially at a low frequency. Based on the second approach, Random Volume over Ground (RVoG) model uses exponential attenuation to describe the shape of VBP [10] [11] [12] , depicting forest canopy as a homogeneous layer with a fixed extinction. The RVoG model has been widely used in forest height estimation at high frequencies that mainly interact with leaves and twigs inside the forest canopy. To describe the heterogeneity of VBP, F. Garestier et al. have proposed Gaussian Vertical Backscatter (GVB) model [4] [5] [6] , using Gaussian distribution to limit the shape of VBP. The GVB model takes into account predominant contributions in the vegetation layer for forest height inversion [4] [5] [6] , and consists of three parameters, so it can describe more VBP shapes than RVoG model. In theory, this means that the inversion based on the GVB model can obtain a more accurate forest height. However, the high complexity also makes the direct mathematical solution based on the GVB model easier to contradict with the physical meaning. In the case of quad-polarimetric single-baseline (SB) observation, the inversion based on RVoG model is a six-dimensional parameter nonlinear optimization problem [7, 10, 11, 13, 14] . Due to the formal characteristics of the optimization equation, the inversion cannot be uniquely solved even though quad-polarimetric SB provides three independently complex coherences. The way to enable the equation to work out a unique solution is to use multi-baseline (MB) to increase the observation space [7, [15] [16] [17] [18] , or to use the null ground-to-volume ratio (NGVR) assumption, reasonable exclusively in the condition of acquisitions at high frequencies. However, due to a strong penetration, the NGVR assumption is not anymore valid at P-band. Therefore, for P-band Pol-InSAR, the inversion based on either RVoG model or GVB model generally requires quad-polarimetric MB data. Despite this, there were still studies that attempted to use SB data to invert the forest model at P-band under each following three cases. Based on RVoG model, one way to still estimate forest height with SB P-band data is to fix the extinction value [14] . Based on Oriented Volume over Ground (OVoG) model [2, 3, 19] , F. Garestier et al. have used SB P-band data to estimate forest height after exerting time-frequency optimization to separate the phase centers of the ground and canopy [20] . Based on GVB model, F. Garestier et al. have used SB P-band data to estimate forest height by determining the relationship between the parameters of Gaussian distribution and tree height [6] . However, all the three methods rely heavily on data characteristics, indicating the limitation of application in other forest environments. In addition, H. Fu et al. have employed GVB model for direct inversion [21] , yet high complexity and large amounts of computation are comprised in this method.
To deal with forest vertical heterogeneity at P-band, this paper utilizes the GVB model instead of the RVoG model for Pol-InSAR inversion. In order to improve the efficiency of model inversion, this paper employs the constrained Gaussian Vertical Backscatter (CGVB) model to reduce the complexity of the GVB model by linking backscattering vertical fluctuation (BVF) with forest height. In addition, the effect of the incidence angle on the BVF of the GVB model is taken into consideration, when it comes to constructing the CGVB model. The iterative weighted complex least squares (IWCLS) [2, 10, [21] [22] [23] [24] method is employed to estimate volume coherence. In IWCLS, in order to curb the influence of noise, the truncated singular value decomposition [25] was applied to cut off the small singular values of the observation matrix. The supervised learning based on RANSAC (SLBR) method is put forward to establish CGVB model. In SLBR, standard deviation (STDEV) model was established using the linear relationship between BVF and forest height [6] . The prior knowledge of forest height was used to obtain the training data, with which a statistical model describing the constraint relationship of incidence angle and the BVF in CGVB model was established by Random Sample Consensus (RANSAC) method. Finally, the genetic algorithm was applied to optimize the parameters of CGVB model. This paper proceeds as follows. Section 2 develops the formula of CGVB, while Section 3 presents the principle of IWCLS. Besides, forest height estimation method based on SLBR is introduced in Section 4. Section 5 is the summary of the proposed models and methods used in this paper. The verification of the real E-SAR P-band data is presented in Section 6. Finally, Section 7 discusses and Section 8 concludes, respectively.
Derivation of CGVB Model

GVB Model
GVB [4] [5] [6] model has used a Gaussian distribution to describe the heterogeneity of the forest VBP. Based on GVB model, the backscattered power height distribution is expressed as
where δ is the mean of Gaussian distribution representing the strongest scattering elevation of VBP.
χ is the STDEV of Gaussian distribution indicating the BVF of VBP. Then the volume coherence based on GVB model is expressed as
where h v is the forest height. erf (•) is the Gaussian error function. k z is the vertical wavenumber, which can be expressed as
where λ is the radar wavelength. θ represents the incidence angle and ∆θ indicates the incidence angle difference between master and slave antenna of interference.
CGVB Model
When using GVB model to study forest VBP, F. Garestier et al. found the relationship shown in Equation (4) as a possible solution over a temperate forest of coniferous trees [6] 
where α is a constant representing the ratio between BVF of GVB model and forest height. However, the BVF describing the attenuation in GVB model is directly relevant to radar incidence angle. The power distribution position in vertical direction corresponding to a small incidence angle is lower than that corresponding to a large incidence angle. Therefore, the change of incidence angle is expected to cause a change of attenuation in vertical direction. It means that with the change of incidence angle, the linear relationship described in Equation (4) also needs to be adjusted accordingly. In other words, the VBP associated with the interaction of radar wave with forest structural elements can also be influenced by attenuation which is related to incidence angle. Therefore, forest structure and attenuation are expected to be the two dominant things that influence the power of backscattered signal. Since other incoherent parts of the signal are seen as noise by cross-correlation estimators, it is reasonable to assume that structure and attenuation are mainly related to interferometric coherence. When the species and forest heights are assumed to be distributed randomly in range, the sole difference between small and large incidence angle is attenuation while the structure remains uncorrelated to this dimension. Therefore, this paper proposes the STDEV model with an assumption that α in Equation (4) is a function of incidence angle θ. Thereby, Equation (4) is rewritten as
Under the assumption of the STDEV model, Equation (2) is rewritten as
where γ CGVB is the volume coherence based on CGVB model. By Equation (6), the CGVB model is defined. Since the BVF is constrained by forest height and incidence angle, the CGVB model only contains two parameters, h v and δ, which means that the parameters of the model are reduced from three dimensions of the GVB model to two dimensions.
Estimation of Volume Coherence with IWCLS
Establishment of Vector Observation Model
Under the assumption of the volume over ground model, a two-layer model [10, 11] , the interferometric coherence corresponding to a given polarimetric state is
where φ 0 is the ground interferometric phase. γ v is the volume coherence. µ (ω) is the GVR at a given polarimetric state ω.
According to Equation (7), the interferometric coherences distribute along a straight line called coherence line on the complex plane. This paper uses total least squares (TLS) [26] method to fit the coherence line. The ground interferomeric phase φ 0 then hinges on one of the intersections between the coherence line and the unit circle [11] . Without the assumption of NGVR, Equation (7) ensures unique solution when there are at least two observation baselines [7] . When the volume coherence γ m v is expressed in a m + jb m and L n is assumed to be constant in different baselines with the same polarization state [15] , function g m n (Z) can be defined according to Equation (7) as
where m = 1, 2, · · · , p and n = 1, 2, · · · , q represent different baselines and different polarization states respectively. p and q are the number of baselines and the number of polarization states independently.
T are the unknown parameters. Equation (8) is referred to as vector observation model in this paper. Thus, the unknown parameters Z can be acquired from Equation (8) . In this paper, the sum of the squares of the residuals of the complex observations is used as the cost function of the optimization [21] , which is a complex least squares problem. The corresponding expression iŝ
whereẐ is the estimator of Z.ĝ m n (Z) is the observational value constructed on the basis of Equation (8) . In order to solve the cost function in Equation (9) using least squares (LS), Equation (8) is divided into real and imaginary parts, as is shown in the following equation
where reg m n (Z) and img m n (Z) denote the real and imaginary parts of g m n (Z), respectively.
Linearization of Nonlinear Optimized Equation with Taylor Expansion
The estimation of parameters in Equation (9) is a nonlinear optimized problem. A widely adopted strategy is to use Taylor expansion that applies an expanded polynomial for approximating the original function, to transform the nonlinear optimization problem into a linear optimization problem. For Equation (10) , previous work [22] has demonstrated that the error of the first-order Taylor expansion can be accepted. Therefore, Equation (10) is expanded at
T by the first-order Taylor formula of the multivariate function
where ∂ represents the partial derivative operation. R 1 m n and R 2 m n are the remainders of the Taylor formula. Equation (11) is represented as matrix
Estimation of Volume Coherence
Since the temporal decorrelation between various interferometric pairs are different and the noise levels between various polarizations are distinct, the contributions of observation error to parameter estimation are varied. With the purpose of adjusting the contribution of each observation in Equation (11), the observation matrix generally requires to be weighted. With the aim of obtaining a weighting matrix, some work [21] straightly assumed that the fluctuation of the coherence magnitude is approximately equal to its Cramer-Rao lower bound [27] , based on which a weighting method with coherence magnitude error is used. However, the specific choice of the weighting matrix needs to be determined in conjunction with the actual situation, on account of the requirement that the optimal weighting method ought to reflect the characteristics of the data.
Equation (12) is virtually a linear weighted least squares (WLS) optimized problem whose cost function can be expressed as
whereX is the estimator of X and W is the weighted matrix. The WLS solution of Equation (12) accords with taking the cost function J X in Equation (13) to a minimum. Therefore, the linear WLS solution is obtained by having the partial derivative of cost function J X equal to zero. The corresponding expression process is
whereX W LS is the WLS estimator of X. Yet the observation matrix H in Equation (14) is occasionally ill-conditioned [21] , which means that even the subtle changes in observation will cause significant errors ofX W LS . In order to overcome this limitation, truncated singular value decomposition [25] is employed to adjust the estimation of Equation (14) . The modified WLS solution can be expressed aŝ
where chol represents Cholesky decomposition operation. H + 1 is the Moore-Penrose inverse of H 1 obtained by truncated singular value decomposition. In order to obtain accurate and stable estimation, iterative weighted least squares is used in this paper. The initial value update used for each iteration can be expressed as
where k = 1, 2, 3 . . . is the number of iterations. The value updated by the last iteration in Equation (16) is the final estimatorẐ of the unknown parameter Z. Then the estimator of volume coherenceγ m v of different baseline can be obtained fromẐ directly.
Forest Height Estimation Based on CGVB Model
Establishment of Statistical Model with SLBR
A supervised learning approach was applied to determine the relationship between α and θ in Equation (5) . To be specific, the process is to use ground measurement stands coupled with the prior knowledge of forest height to estimate α(θ) with Equation (6) . Thus, the relationship between α(θ) and θ is able to be determined by curve fitting. In order to obtain the tendency of α(θ) changing with θ, the choice of stands is required to correspond to the entire range of θ in experimental area. For each pixel of ground measurement stand with known incidence angle θ, α(θ) is estimated with Equation (6) according to the following relationship
whereα (θ) is the estimator of α (θ).γ m CGVB is the volume coherence etimated with IWCLS method in Section 3. γ m CGVB represents the theoretical volume coherence calculated according to the model. r is the number of ground measurement stands engaging in the estimation. h i (i = 1, . . . , r) is the real forest height of the stand measured on the ground.α i (θ) is obtained by traversing α in Equation (17) . For each given α in traversing,ĥ i α represents the estimator of h v . The most accurateα i (θ) is pinpointed based on the minimum distance between h i andĥ i . In this paper, Equation (17) is solved using genetic algorithm. (θ,α (θ)) is referred to as training data in SLBR. Afterwards, the relationship between α (θ) and θ can be obtained by modeling and fitting the curve ofα (θ) changing with θ.
In order to mitigate the influence of noise on the observation data of ground stands, this paper uses the RANSAC method to fit the relationship of training data. The processing flow based on RANSAC is as follows (1) A sample set S is randomly selected from training data set T which is obtained with Equation (17), and then the model M is estimated with S by the LS method.
(2) According to the model M which is obtained in (1), the eligible samples are selected from T by setting a threshold t. Then the selected samples form the consensus set S * .
(3) Repeat the process in (1) and (2), then select the optimal consensus set S * opt corresponding to S * which contains the largest number of samples. Then the model fitted with S * opt is used as the final valid model M * opt . (4) When the model M * opt is estimated by the optimal consensus set S * opt , all the samples in T as long as the error of the model M * opt is less than t can be added to S * opt . Then M * opt is recalculated, taken as the final estimation of model.
After processing using the RANSAC method, the statistical model M * opt (θ,α (θ)) interpreting the relationship between α (θ) and θ is established.
Establishment of CGVB Model
With the precondition of the statistical model M * opt (θ,α (θ)), Equation (6) is updated by α (θ) to get CGVB model which rests only on h v and δ. The corresponding expression is
Forest Height Estimation
Utilizing the volume coherence estimsted by IWCLS in Section 3, forest height estimation is a nonlinear complex least squares problem, as is shown in the following formulâ
whereĥ v is the final forest height estimator. In this paper, Equation (19) is solved using genetic algorithm.
Summary of the Proposed Models and Methods
The flowchart of the proposed models and methods is shown in Figure 1 . The entire process is divided into two parts. The first part corresponds to the Pol-InSAR data processing consisting of radar echo imaging for two antennas, coregistration, interferometry, flat earth removal, multilooking operation, filtering and coherence estimation, as is revealed in the blue dotted line frame in Figure 1 . Most importantly, the proposed models and methods, making up the second part, are the innovation of this paper, divided into three steps. Firstly, based upon volume over ground model, the ground interferometric phase is estimated using the TLS method. Next, the vector observation model is constructed, based on which volume coherence is estimated by IWCLS. Secondly, on the basis of GVB model, the STDEV model is proposed, with which the training data is obtained with genetic algorithm. Using the training data, the statistical model is then constructed and estimated with RANSAC method. Finally, CGVB model is established with the statistical model. Thereby, based on CGVB model the forest height is estimated in virtue of genetic algorithm. 
Verification of the Proposed CGVB Model and SLBR Method
E-SAR P-Band Pol-InSAR Data
The performance of the proposed CGVB model and SLBR method is evaluated with real airborne repeat-pass E-SAR P-band data. The SAR data was collected in the BIOSAR 2008 campaign by the European Space Agency (ESA) over boreal forest of the Krycklan catchment, Northern Sweden. The Pauli-basis polarimetric composite map of experimental area is shown in Figure 2 . The terrain in this area ranges from about 180 to 350 m above the sea level, which can cause conspicuous errors in forest height estimation [28] [29] [30] [31] . Therefore, forest height estimation of this data set requires terrain compensation. The forest height acquired by the lidar is used as true value to evaluate the performance of the proposed CGVB model and SLBR method. Since at least two baselines are required to solve the vector observation model in Equation (8) , this paper uses a total of three interferometric pairs, as is shown in Table 1 . Figure 3 shows the interferometric vertical wavenumbers which correspond to the baselines in Table 1 , respectively. Note that the vertical wavenumber here is not corrected by the terrain. 
Establish Quadratic Statistical Model with E-SAR P-Band Pol-InSAR Data
A total of 20 stands (5 × 5 pixels) with uniform forest height were randomly selected to research for the statistical relationship between α(θ) and θ in line with Equation (17) . Quadratic function was used to model the curve of training data, and the model parameters were estimated by the RANSAC method. For each selected stand, the LS estimation under the assumption of the quadratic model can be expressed asα
where β i represents the model parameter to be sought and ε i represents noise. Equation (20) is represented by matrix asÂ
where u represents the number of stands in the optimal consensus set S * opt selected to engage in the model estimation using the RANSAC method. The LS solution of Equation (21) is as follows
whereB is the estimator of B.B RANSAC is the RANSAC estimator of B. J B is the cost function of LS. Quadratic statistical model was finally established with Equation (22), as is shown in Figure 4 . The blue star points indicate the stands in training data set T. The red bubble points represent the stands in the optimal consensus set S * opt that was filtered by RANSAC and participated in LS estimation. The red curve represents the statistical model fitting result. Using the statistical model determined by Equation (22), α (θ) at each location in the observation area can be obtained. The interferometric coherence of volume layer γ CGVB (h v , δ) lying exclusively on h v and δ in Equation (6) was then determined with α (θ), as is shown in Equation (18) . Finally, forest height was estimated with Equation (19) . 
Forest Height Estimation
As is shown in the flow chart of Figure 1 , Pol-InSAR process was carried out to estimate the interferometric coherences of the specified polarization channels for the three baselines presented in Table 1 . In order to diminish the influence of temporal decorrelation [32, 33] and noise, phase diversity (PD) [34] and magnitude diversity (MD) [10] optimizations were implemented to estimate the canopy-dominated and ground-dominated coherences [21] . That is to say, the interferometric coherences in five polarization channels (PDHigh, PDLow, Opt1, Opt2 and Opt3) were chosen for forest height estimation. In this paper, a window size of 11 × 11 pixels was used to estimate coherences. With the aim of mitigating the effects of observation errors, the time-frequency optimization [20] method was used to preprocess the data before coherence line fitting. The weighting matrix W in Equation (13) is determined by equal weight in this paper to obtain a general conclusion. For fear of obtaining non-physical or local optimal solutions from IWCLS and genetic algorithm, the initial values and constraints of the optimization equation should be circumspectly considered [21] . In this paper, the position relationship of coherences on complex plane [26] were used to determine the initial values and constraints of IWCLS [21] . At the same time, the initial values and constraints of genetic algorithm were set in accordance with the two empirical models introduced in [5, 6] . Since each baseline provides five interferometric coherences to calculate the volume coherence, the inversion framework of IWCLS consists of 11 unknowns and 30 equations. Then, the forest height was retrieved in light of the proposed CGVB model and SLBR method, as is shown in Figure 1 . In addition, owing to the large terrain fluctuations in the experimental area, this paper used the lidar dem to compensate in the forest height estimation process [28] [29] [30] [31] .
In order to compare the performance of RVoG model with the proposed CGVB model, forest height estimation based on each of the two models were obtained, as is shown in Figure 5 . Using volume coherence estimated with IWCLS in Section 3 of this paper, forest height estimations on the basis of RVoG and CGVB models are shown in Figure 5a ,b, respectively. Since the small incidence angle is not suitable for the RVoG model, the proposed model mainly works on the small incidence angle region, while the large incidence angle region still retains the inversion based on the RVoG model. As can be seen from Figure 5a , the RVoG estimation is significantly underestimated at close range corresponding to smaller incidence angle. However, the CGVB estimation substantially alleviates the underestimation, as is shown in Figure 5b . One noteworthy issue is that the proposed CGVB model overestimates particularly high trees, as is shown in the black circle label in Figure 5b . In order to accurately evaluate the inversion performance of RVoG model and the raised CGVB model, 200 validation stands (10 × 10 pixels) with uniform forest height are randomly selected, and the contrasts between the estimation based on each of the two models and the lidar forest height are shown in Figure 6a Table 2 shows the relationship between RMSE and lidar forest height. It can be found that in the low forest height range (below 10 m), the inversion based on RVoG model has a better performance, while the advantage of CGVB model is more obvious in the high forest height range (above 10 m). This may be because when P-band is used to observe sparse boreal forest, the shorter forest is no longer suitable for model-based inversion. As the forest height underestimation based on RVoG model is mainly concentrated in the low incidence angle region, the performance evaluation of the proposed CGVB model is supposed to revolve around this region as well. The forest height estimation of validation stands in the region where the incidence angle is less than 0.8 rad is shown in Figure 7a To illustrate the advantages of the GVB or CGVB model over the RVoG model, this paper selected several stands for further study, as is shown in Figure 8 . These stands correspond to the CGVB inversion with better performance, while the inversion performance for the RVoG model is poor in Figure 6 . Note that the inversion of relative elevation is affected by the constraints in the optimization, so Figure 8 is only a qualitative result. As is illustrated in Figure 8 , there is no notable relationship between relative elevation and lidar measurement or incidence angle. However, it can be seen that most of the relative elevations fall into the range less than zero. This means that the relative elevation of strongest backscattered power is located in the lower part of the forest, which is identical to the theoretical analysis of P-band observation. In this case, in virtue of the greater penetration depth [35, 36] of the small incidence angle region, the VBP of a small BVF located in this region corresponds to a lower vertical position of power distribution, which is consistent with the expectation of a smaller attenuation in this region. In particular, it should be highlighted that the stands corresponding to the estimated relative elevation below zero indicate that the actual strongest backscattered power is located at the basis of the canopy. It means that the VBP tends to turn into a reversed exponential. That is because the integral limit of the VBP in Equation (2) or Equation (6) is greater than zero. In other words, VBP is meaningless in the part where the vertical coordinate is less than zero. The position relationship between VBP and forest height is illustrated in Figure 9 . When the relative elevation is greater than 1, in (0, 1), and less than 0, the indications of VBP correspond to (a), (b), and (c) of Figure 9 , respectively. Since the RVoG model describes VBP using exponential decay, this case corresponds to (a) in Figure 9 . That means the RVoG model fails to describe the VBP in accordance with (b) and (c) in Figure 9 , while these two cases can be depicted with GVB model. In other words, RVoG model is described by GVB model when the relative elevation is greater than 1. Owing to the strong penetrability of P-band, VBP is expected to correspond more to the two cases of (b) and (c) in Figure 9 . Therefore, GVB model has an edge over RVoG model at P-band. 
Discussion
Phase Center Height of BIOSAR 2008 P-Band Pol-InSAR Data
Since the experimental area of BIOSAR 2008 is covered by sparse boreal forest, there is some aliasing between the phase centers of different polarization channels because of the strong penetration at P-band. It can be seen from Figure 10 that the phase centers of the HH and VV channels are almost completely overlapped. The phase center of the HV channel is slightly higher because it corresponds to the volume scattering of canopy. For the purpose of separating the phase center, PD optimization is implemented to obtain the highest and lowest phase centers. Yet, the phase centers after PD optimization are still close together. This phenomenon is due to the strong penetrability of P-band. Therefore, phase center aliasing will critically affect the effectiveness of the methods which directly take the HV channel as volume scattering for forest height inversion. 
Underestimation Based on RVoG Model
Previous studies upon RVoG model found that the forest height inversion performance using P-band Pol-InSAR data varied with incidence angle [28] . Estimation corresponding to small incidence angle is significantly lower [28, 30, 37] . According to Equation (3), the vertical wavenumber k z with small incidence angle is relatively larger due to a large effective baseline [28] . Based on RVoG model, larger vertical wavenumber is not sensitive to forest height inversion using P-band data with strong penetration. On the other hand, a small incidence angle corresponds to a stronger penetration depth, which will lead to a larger error in the inversion based on RVoG model. Therefore, the RVoG model has a significant underestimation in the area correspongding to small incidence angle at P-band. It can be derived from Equation (3) that k z is relevant to θ and ∆θ. Since the change in ∆θ with range is exceedingly small when the SAR system parameters are determined, its influence on k z can be neglected. Therefore, the change trend with range of the inversion performance is basically consistent with that of the incidence angle. Since θ and ∆θ are affected by the system parameters, the value of k z can be adjusted by SAR system parameters. Thereby, k z can act within a smaller scope by letting θ larger or letting ∆θ smaller. However, an excessive θ will cause shadow problem and introduce more noise into the observation data. A smaller ∆θ can be achieved by reducing the length of the effective baseline. Yet the reduction of the effective baseline results in a decrease in the accuracy of the elevation measurement. Therefore, in order to reduce noise and increase measurement accuracy, a relatively large k z is inevitable. In summary, the RVoG model describing homogeneous VBP fails to accurately interpret the heterogeneous VBP under P-band observation, which results in an underestimation of forest height. At the same time, since a small incidence angle corresponds to a stronger penetration depth and the large k z is not sensitive to the forest height inversion based on RVoG model, especially at P-band, the underestimation phenomenon becomes more serious, resulting in the variation of the inversion performance with the incidence angle. Therefore, this paper uses the GVB model instead of the RVoG model for forest height inversion, considering the influence of incidence angle on the forest model.
Influence of Incidence Angle on Vertical Backscatter Profile
To qualitatively evaluate the quadratic model, the optimalα (θ) corresponding to 118 validation stands randomly selected in the small incidence angle region are estimated according to Equation (17) , as is shown in Figure 11 . The red curve is the quadratic statistical model fitting in Figure 4 . It can be seen that the model can roughly reflect the correlation between α(θ) and θ. Note that the quadratic model is relatively insignificant due to model error, temporal decorrelation, residual noise, as well as a small range of incidence angle variation. In the experiment we found that even when the BVF was fixed to a constant, the underestimation based on RVoG model would be significantly improved. However, when the swath is relatively wide, that is, the incidence angle changes relatively large, it is an unscientific method to approximate the BVF with a constant. Note that a particularly large incidence angle corresponds to a larger α(θ), indicating that the power is nearly evenly distributed in the vertical direction. It means that the model has reached a critical state of describing the profile, because a larger α(θ) will no longer have any meaning.
Challenges and Promising Solutions for P-Band Pol-InSAR
For P-band Pol-InSAR, the VBP is heterogeneous and the power distribution is more concentrated in the lower layer of the forest in virtue of the strong penetrability of this frequency. The advantage of this characteristic is that it is capable of getting more abundant information about the vertical structure of the forest. Yet two issues arise out of this characteristic. First, the classic RVoG model describing a homogeneous canopy is a model based on exponential distribution that does not describe the heterogeneous VBP at P-band. Second, for Pol-InSAR at the high-frequency bands, it is generally assumed that there is at least one polarization channel whose GVR is zero. The assumption of NGVR enables the Pol-InSAR inversion (RVoG model) to have unique solution in the case of SB observation. However, since the P-band SAR systems have strong penetrability on the forest area, the assumption of NGVR is no longer valid. To cope with the first issue, this paper used the GVB model describing heterogeneous VBP instead of the RVoG model to estimate forest height. However, the GVB model is highly complex and has three model parameters. Apart from that, the solution of GVB model is very easy to fall into local optimum. Therefore, this paper applied a prior knowledge of forest height, combined with a linear relationship between forest height and BVF in GVB model [6] , to constrain the GVB model in the entire research area with incidence angle, thus reducing the complexity of the GVB model. The new constrained GVB model is called the CGVB model in this paper. Compared with the GVB model with three unknown parameters, CGVB model with only two unknown parameters makes it possible to efficiently extract forest height and structure. Suffice it to say that, it provides an effective alternative model for large-scale forest height extraction. In addition, since CGVB model has only two unknown parameters, it provides a potentiality for SB inversion when some pre-processing methods can be used to obtain accurate volume coherence with SB data, such as [20] . In order to solve the second issue, researchers generally use MB Pol-InSAR data for model inversion. This paper also employed the IWCLS method to estimate volume coherence based on MB data. Comparing with the inversion based on RVoG model, the forest height estimation with IWCLS method applied in this paper is basically consistent with that obtained by previous work [28] . Therefore, IWCLS provides a choice for MB Pol-InSAR model optimization.
Limitations of the Proposed Models and Methods
Three limitations of the models and methods proposed in this paper also need to be highlighted. Firstly, since the establishment of the vector observation model in Equation (8) requires to use ground phase, the accuracy of the ground phase estimation directly affects the estimation of volume coherence using IWCLS. This paper used TLS method introduced in [26] to fit coherence line and estimate the ground phase. The implementation of TLS method is relatively simple, however, so that it will introduce some errors especially when temporal decorrelation and noise are large. Therefore, some more robust coherence line fitting and ground phase estimation methods are necessary to be adopted, such as the coherence region method [38] and the Maximum Likelihood method [18] . Secondly, in some cases the orientations of crown structure should be considered [20] . Although [6] used ground phases measured over close bare surfaces to see how the extracted VBP varies with polarization, this paper assumes that GVB model is an random volume -based model, to simplify model estimation. Random volume assumes that the attenuation coefficient at different polarization states is the same. However, the hypothesis of random volume is invalid when the canopy structure presents dominant orientations, which means further research is needed to figure out the GVB model considering oriented volume. Finally, this paper only considered forest height as prior information when using the RANSAC method to establish the statistical model. This strategy is very straightforward and simple. When the tree species in the research area is relatively single, such as the BIOSAR 2008 experimental area, which mainly has boreal forests cover, SLBR proposed in this paper is valid. However, when the tree species in the research area is complicated, the STDEV model represented in Equation (5) is not only related to forest height and incidence angle, but also linked to tree species. Consequently, the strategy of establishing the STDEV model and statistical model proposed in this paper is no longer valid. Another factor that can cause errors in STDEV model is forest density. Both tree species and forest density can affect penetration depth which is directly related to BVF. Therefore, when these two factors change relatively large in the research area, the STDEV model cannot be universally applied to the entire research area. One way to solve this problem is to introduce tree species and forest density information into Equation (5) and thereby create the new STDEV model and statistical model. This work will be very meaningful as it will extend the application scope of the models and methods proposed in this paper.
Conclusions
With the aim of resolving the problem of heterogeneous VBP under P-band observation, this paper used GVB model to describe the interaction of radar wave with forest structural elements. In addition, to settle the problem that the NGVR hypothesis is invalid under P-band observation, MB optimization was adopted in this paper. The interferometric coherences of the specified polarization channels were estimated with Pol-InSAR process. To establish the vector observation model, the TLS method was employed for coherence line fitting and ground phase estimation. The IWCLS method was employed to estimate volume coherence. A STDEV model depicting the relationship between BVF and forest height was used to simplify the GVB model. Furthermore, considering the effect of the incidence angle on the power decay trend, the incidence angle was introduced into the STDEV model. To determine the influence of the incidence angle on STDEV model, a statistical model based on prior knowledge of forest height was constructed, which was estimated by the RANSAC method. Thereby, with the SLBR method, the CGVB model was established. Finally, according to the CGVB model, forest height was estimated using genetic algorithm from volume coherence.
The proposed CGVB model and SLBR method in this paper effectively alleviate the underestimation of forest height in the close range based on RVoG model. The results with E-SAR data in Figure 6 show that the proposed CGVB model and SLBR method improve the inversion RMSE by 19.9%. Besides, Figure 7 demonstrates that the proposed CGVB model and SLBR method improve the inversion RMSE by 28.57% and 40.35% when the incidence angle is less than 0.8 rad and 0.6 rad, respectively. Therefore, drawn from real E-SAR data experiments, the conclusion is that the models and methods proposed in this paper provide an effective potentiality for large-scale forest height mapping under P-band observation. 
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